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Abstract 

The implementation of non-surjective Bogoliubov transformations in Fock states over CAR al- 
gebras is investigated. Such a transformation is implementable by a Hilbert space of isometries if 
and only if the well-known Shale-Stinespring condition is met. In this case, the dimension of the 
implementing Hilbert space equals the square root of the Watatani index of the associated inclusion 
of CAR algebras, and both are determined by the Fredholm index of the corresponding one-particle 
operator. Explicit expressions for the implementing operators are obtained, and the connected com- 
ponents of the semigroup of implementable transformations are described. 

1 Introduction 

The implementation of Bogoliubov automorphisms of the algebra of canonical anticommutation relations 
(CAR) by unitary operators on Fock space is well-understood. Shale and Stinespring JjJ have proven 
that such an automorphism is implementable in a Fock representation if and only if the correspond- 
ing one-particle Bogoliubov operator satisfies a certain Hilbert-Schmidt condition, and several authors 
(e.g. Friedrichs ||, Berezin ||, Labonte [Q, Fredenhagen ||, Klaus and Scharf ||, Ruijsenaars ||) 
have constructed the implementing unitaries in terms of annihilation and creation operators. 

Here we tackle the problem of extending these results to the case of Bogoliubov endomorphisms. As 
suggested by the work of Doplicher and Roberts || on the theory of superselection sectors (see jlO| for an 
overview), the appropriate generalization of 'implementation of automorphisms by unitary operators' is 
'implementation of endomorphisms by Hilbert spaces of isometries'. An endomorphism g is implementable 
in a representation tt of an arbitrary C*-algebra if and only if nog is unitarily equivalent to a multiple of 
7T, and then the multiplicity equals the dimension of an implementing Hilbert space. For irreducible 7r, 
implcmcntability is tantamount to quasi-equivalence of n and nog. 

In the case of Bogoliubov endomorphisms and (irreducible) Fock representations of the CAR algebra, 
one may apply the criterion for quasi-equivalence of quasi-free states due to Powers and St0rmer pd[ | and 
Araki to conclude that a Bogoliubov endomorphism is implementable in the above sense if and only 
if the corresponding Bogoliubov operator fulfills the Shale-Stinespring condition. The dimension of the 
implementing Hilbert space is then given by the square root of the Watatani index of the associated 
inclusion of C*-algebras, and this index in turn equals 2~ mdv where —indV E 2N U {oo} denotes 
the Fredholm index of the corresponding isometric Bogoliubov operator V. As shown by Longo jwj, 
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an analogous result holds in the theory of superselection sectors where the statistical dimension of a 
localized endomorphism coincides with the square root of the Jones index of the associated inclusion of 
local algebras. 

We derive explicit formulae for the implementing isometries (i.e. for an orthonormal basis of the 
implementing Hilbert space) based on the work of Ruijsenaars |8j. For this purpose, we generalize the 
definition of Ruijsenaars' operator A (called the 'associate' of a given Bogoliubov operator) and obtain 
one implementing isometry i n terms of the Wick ordered exponential of the unbounded bilinear 
Hamiltonian induced by A. A complete set of implementing isometries may then be constructed by 
multiplying Wo with suitable partial isometries. In this way, the implementing Hilbert space itself acquires 
a Fock space structure, with Wo playing the role of the vacuum. 

The set of Bogoliubov operators V fulfilling the Shale-Stinespring condition (for a fixed Fock repre- 
sentation) forms a topological semigroup w.r.t. a suitably chosen metric. By a result of Araki |lq| , the 
subgroup of unitaries ( ind V = 0) consists of two connected components. We prove by contrary that each 
subset of Bogoliubov operators with fixed non-vanishing Fredholm index is connected. 

Our interest in implementable Bogoliubov endomorphisms originates from the speculation that they 
might serve to construct localized endomorphisms for free Fermi fields with non-abelian gauge groups |l6| . 
We intend to discuss this idea in a subsequent paper. It should be mentioned that Bogoliubov transfor- 
mations have been successfully used in the construction of localized endomorphisms in conformal field 
theory models @ [D| & 

This article is organized as follows. CAR algebras, Bogoliubov transformations and quasi-free states 
are introduced in Section [| Throughout the paper Araki's formalism of selfdual CAR algebras |2(], [l2| [l5| 
is used which is equivalent to the more familiar notion of complexified Clifford algebras over real Hilbert 
spaces However, Araki's approach has the advantage of being complex-linear from the beginning. 
The usual description of a CAR algebra by means of annihilation and creation operators enters through 
Fock representations of the selfdual CAR algebra. In this section, we also compute Watatani indices of 
inclusions that are induced by arbitrary Bogoliubov endomorphisms. 



Implementability of endomorphisms of C*-algebras is defined in Section 3.1. We shortly discuss 



uniqueness of implementing operators and indices of associated inclusions. Then we turn to CAR algebras 
and Bogoliubov endomorphisms. We describe the decomposition of -koq into cyclic subrepresentations 
where 7r is a Fock representation and g a Bogoliubov endomorphism. The already mentioned Powers- 
St0rmer- Araki criterion then enables us to prove the validity of the Shale-Stincspring condition in the 
general case. We have inclu ded a new proof of a recent result of Bockenhauer [g2j (decomposition of irog 
into irreducibles) in Section 3^ since we consider our proof to have some interest on its own. We show 
that 7rop is equivalent to a multiple of either a Fock representation or a direct sum of two inequivalent 
pseudo Fock representations, depending on the index. 

Section^ contains the main result of our investigation, namely the detailed construction of a complete 



set of implementers for a given implementable endomorphism. In Section 4.1, Wick ordered unbounded 
bilinear Hamiltonians and their Wick ordered exponentials are defined in a representation-dependent way 
with the help of unsmeared annihilation and creation operators. Then commutation relations of these 
exponentials with annihilation and creation operators are computed. The associate A is characterized by 
intertwining properties of the corresponding exponential, but is not unique. A complete set of implement- 
ing isometries is defined in Section 4.2. As a key to the proof of completeness, we present a decomposition 
of g into a product of two simpler transformations in Section 4.3. This product decomposition also leads 
to an interesting decomposition of implementers. 

Finally, we prove the aforementioned result on connectedness in Section [|. Our argumentation par- 
allels in part the reasoning of Carey, Hurst and O'Brien in p3[ and relies on the product decomposition 



developed in Section 4.3 



3 



2 Preliminaries 

Let K be an infinite-dimensional complex Hilbert space^J with a fixed conjugation (i.e. antiunitary invo- 
lution) r, and let Q3(/C) be the algebra of bounded linear operators on JC. For A 6 *B(/C) we set 

A := TAT. 

Let Cq(IC,T) be the *-algebra, unique up to isomorphism, which is algebraically generated by the range 
of a linear embedding B : K, — > Cq(JC, T) with relations 

B(ky = B(Tk), 

{B(k)*,B(k')} = (k, k')l, k, k' e K. [ ' 

Here { , } denotes the anticommutator. Co(/C, T) is just the (complexified) Clifford algebra Q over the 
real Hilbert space Re/C := {k £ K, \ Tk — k}; conversely, given a real Hilbert space, one may recover /C, T 
(and B) by complexification (details are in [jl6| ) . There is a unique C*-norm on Cq(IC,T) (which fulfills 
||_B(fc)|j 2 = ^(||fc|| 2 + (||fc|| 4 — KfcjTfc)! 2 ) 1 / 2 )), and completion in this norm yields a simple C*-algebra 
C(K,T), namely Araki's selfdual CAR algebra over (K,T) |f|, 

Bogoliubov transformations are precisely the unital *-endomorphisms of C(/C, T) that leave /C invariant. 
Put differently every isometry V G Q3(/C) that commutes with T (and therefore restricts to a real-linear 
isometry of Re/C) induces a unital, isometric *-endomorphism gy of C(/C,T) through 

^(-B(fc)) = .B(Vfc), fce/C. 

Such isometries are called Bogoliubov operators, and the semigroup of Bogoliubov operators is denoted 
by 

X(K,T) := {V e *B(/C) | = 1, V= V}. 

The map V ^— > Qv is a unital isomorphism from I(/C, T) onto the semigroup of Bogoliubov endomorphisms; 
for fixed A S C(/C,r), the map y i— > gy(A) is continuous w.r.t. strong topology on X(K.,T) and norm 
topology on C(/C, T). 

Let V € T(/C,F). Since ranV^ is closed and kerV^ = {0}, V and V* are semi-Fredholm operators in 
the sense of Kato jg5| and have well-defined Fredholm indices. The map 

1(K,T) -> MU {oo}, indV^* = -indy = dimkerF* 

is a surjective homomorphism of semigroups (0€N by convention). Hence T(IC,T) is the disjoint union 
of subsets 

Z(fc,r)= |J I"(/C,r), X"(/C,r) :={FeI(C,r) | mdV*=n}. (2) 

raeNU{oo} 

Note that gv is an automorphism if and only if V 6 2° (/C, F) , the group of unitary Bogoliubov operators, 
in which case we prefer to use the symbol "a" instead of "g". For Vi,V2 E T n (K,,T) there exists 
U € I°(/C, T) with Vi = J7V2- Such [/ has the form f7 = V^VJ + u where u is a partial isometry with 
(keru) 1 - = kerV 2 *, ranu = kerVj*, and u — u. We may express this in a more sophisticated way by 
saying that X°(/C,r) acts on X(K.,T) by left multiplication, that the orbits of this action are just the 
sets I n (IC, r), and that the stabilizer of V <E T n (IC, T) is isomorphic to 0(n) (the orthogonal group of an 
n-dimensional real Hilbert space). 



"We are solely dealing with separable Hilbert spaces in this article. 
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Next we describe the set of states we are interested in. A state u> over C(/C, T) is called quasi-free |12j 
if its n-point functions have the form 

uj{B(k 1 )---B{k 2m+1 )) = 0, 

signer w^i?(fc (T ( 1 ))i?(fc (T ( m+1 ))^ • • ■ oj(B(k (7 ^ m ))B(k (r (2m))j 

a 

where the sum runs over all permutations er satisfying cr(l) < . . . < a(m) and cr(J) < o~(j + m), j = 
1,. ..,Tra. Therefore quasi-free states are completely determined by their two-point functions, and we 
have a bijection between the convex set 

Q(JC, T) := {S e «B(AC) \ 0<S<1,S=1-S} 

and the (non-convex) set of quasi-free states given by 

S^ujs, ojs(B(k)*B(k')) = (k,Sk'). 

The following lemma is immediate. 

Lemma 2.1 The semigroup of Bogoliubov endomorphisms acts from the right on the set of quasi-free 
states by lu h-> wog, X(JC,T) acts from the right on Q(IC,T) by S h-> V* SV , and 

^S°QV — Uy*sv- 

Projections in Q(/C, T) are called basis projections and the corresponding states Fock states; the latter 
are precisely the pure quasi-free states p6| . The group of Bogoliubov automorphisms acts transitively on 
the set of Fock states as X°(/C,r) acts transitively on the set of basis projections. Note that for a basis 
projection P, the complementary (basis) projection is simply given by P. Since uop(B{k)* B(k)) = if 
k € P(fC), the elements of B(P(JC)) (resp. B(P(JC))) correspond to annihilation (resp. creation) operators 
in the state up. A (faithful and irreducible) GNS representation ttp for lop is given by 

n P (B{k)) := a{Pk)* + a(PTk) 

on the antisymmetric Fock space J- a {P(JC)) over P(K.) with the usual Fock vacuum f2p as cyclic vector 
and annihilation operators a(f), f S P(JC). In a Fock representation np, a Bogoliubov endomorphism 
Qv induces the transformation 

a(f)^a v (f):=a(PVPf) + a(PVPTfr, f e P{K\ (3) 

which shows the connection to the (state-dependent) description of Bogoliubov transformations by pairs 
of operators (PVP, PVPT) as preferred by some authors (e.g. p7|). 

Given a basis projection P, a state over C(/C,T) is said to be gauge invariant if it is invariant under 
the one-parameter group of Bogoliubov automorphisms (ar/ A )a£R with U\ := e lX P + e~ lX P € Z°(JC, r). 



As follows from Lemma 2.1, a quasi-free state los is gauge invariant if and only if [P, S] = 0. 

The so-called central state u>x/2 12 is the unique tracial state over C(/C,T). By uniqueness, 



Wi/2 is invariant under all unital *-endomorphisms of C(/C,T). 

Now suppose we have an orthogonal decomposition K, = JCi®K.2 into T-invariant closed subspaces 
with IC2 finite dimensional^. Set Tj :— r\jc, and regard C (ICj , T 3 ;) , j = 1,2 as subalgebras of C(JC,T). 

b li dim tO> is odd, then C{K.2,^2) is not uniquely determined by (Q); in addition, one requires it to have non-trivial 
center (see 



^9 is 1 
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Then C(/C,T) is canonically isomorphic to the Z 2 -graded tensor product of C(K,i,Yi) and C(/C 2 ,T 2 ) Pq j 
through identification of A x ® A 2 with Ai ■ A 2 G C(/C,T), S C(/Cj,r,,) (here Z 2 = {0,1}, and the 
grading is induced by a_i, i.e. C(tC,T) = C(K.,T) ®C(lC,r)i, C(tC,T) g := {A | a_i(A) = 
Hence all elements of C(/C,T) are finite sums of elements A\A 2 as above, and we have a well-defined 
linear mapping 

E : C(K,T) -» CpCi.Ti), ^A 2 ^ A lWl/2 (A 2 ), .L • ('(/,:,. I'.i. 

Lemma 2.2 _B is a faithful conditional expectation from C(/C,r) onto C(/Ci, wrai/i Watatani index 

index £ = dimC(/C 2 ,r 2 ) = 2 dim,C2 . 

Proof. We first show = £"(^4)*, A S C(/C, T). By linearity, it suffices to check this for elements of 

the form A = A\A 2 with Aj £ CQCj, Tj) homogeneous. By use of the anticommutation relations, 

E(A*) = (-l) desAldesA2 E(AlA*) 

= (-l) dogAldcgA M^ 1/2 (^) 

= A^o;i/ 2 (A 2 ) (since degA 2 ^ implies Wi/ 2 (A 2 ) = 0) 
= E(A)*. 

Hence E is positive. Now let A,P>i,C € C(/Ci,ri) and -B 2 G C(/C 2 ,T 2 ) be given, with £? 2 and C 
homogeneous. Then 

E(AB Y B 2 C) = (-l) dcsB2dcsC E(AB 1 CB 2 ) 

= (_i)dogS 2 do g c AjBi C UJ 1/2 (B 2 ) 

= AE{B 1 B 2 )C. 

By linearity, E(ABC) = AE{B)C for A, C £ C{Ki,T x ), B £ C(K, T), so E is a conditional expectation. 

To compute the Watatani index Jlj| of E we need a 'quasi-basis', i.e. a finite subset {Bp} C C(/C, T) 
fulfilling 

^(AB^S^A, AeC(/C,r). (4) 

P 

index E is then defined as index E := J2p Bp Bp and does not depend on the choice of quasi-basis. The 
existence of a quasi-basis also guarantees faithfulness of E. 

Here we may obtain a quasi-basis as follows. Let {b±, . . . , b n } be an orthonormal basis for JC 2 consisting 
of T-invariant vectors (n < 00 by assumption). Let I n denote the set of 2™ multi-indices = . . . , f3{) 
obeying 

< I < n, 1 < fa < . . . < (3i < n {P := for I = Q). (5) 

Set Bj := V2B(bj) for j = 1, . . . , n and Bp := Bp 1 --- Bp, for f3 £ I n (B := 1). 

We claim that (Bp)p & j n is a quasi-basis for E (by construction, it is a basis for C(/C 2 ,T 2 )). Note 
that {B 3 , B m } = 28 jm l, j,m = l,...,n, and B* 3 = (-l)K*-i)/2 5^ if /?= (ft, ...,#) g /„. Furthermore 
u)i/ 2 (Bp) — 5p |2l], ^2), hence w 1 / 2 (_B^_B 7 ) = <5^ 7 . Again by linearity, it suffices to consider elements of 
the form A = A 1 B* p , A 1 £ C(Ki,Tx), /3 £ I n . We have 

e{ab 7 )b; = a x J2 ui /2 (b* p b 7 )b; = a x b% = a. 



G 



Therefore (Bp)p e j n is a quasi-basis for E, and using BpB% = 1 we get 

index£ = B P B p = n = dim/C 2 . 

□ 

Next we show that E is the conditional expectation with minimal index, so the index of the inclusion of 
simple C*-algebras C(/Ci, Ti) C C(K.,T) equals 



[C(£,r) : C(£i,ri)] = index£ = 2 



dim 



Lemma 2.3 E is the unique minimal conditional expectation from C(/C,r) onto C(/Ci, Ti). 
Proof. Following Watatani Jl3| we have to show 

index E ■ E(A) = ^ BpAB} (6) 

for A £ C(ICi,Ti) c , the C*-algebra of elements of C(IC, T) that commute with all elements of C(/Ci, Ti). We 
claim that C{K\, T{) c equals C(K.2, T 2 )o, the even subalgebra of C{K.2, Tq). Indeed, writing A = Y^,p ApBp 
with Ap £ C(JCi,Ti), all Ap have to commute with the elements of C{Ki,T\)q. Let P be a basis 
projection of (JCi,T±) and 1) a unitary implementing a_i in 7rp (which exists due to invariance 
of up under a_i and is unique up to a phase) then Trp{C{Ki,Yi)o)" = {^(— 1)}'. It follows that 
ir P {Ap) £ 7T P (C(7Ci,ri)o)' = {*(-l)}" = span{l,*(-l)}. But since a_i is not inner @, || ||, we 
have £ 7rp(C(/Ci,ri)). Thus € CI and A e C(K. 2 ,T 2 )o- 

It suffices to prove (||) for ^4 = Z? 7 , 7 = (71, . . . ,7;) € I n > I even (the case A = 1 is clear by definition 
of indexi?). In the following computation we use the notation fi PI 7 := . . . ,/3 r } n {71, . . . ,7/} if 
fi = {fix, . . . , fi r ) £ I n . fi' £ I n will then denote the multi-index whose entries are the elements of 

{A,... ,/? r }\(/?n 7). 



Y^BpABp = E E B ^ B l 

0Gl n m=0 l<ji<...<j m </ 0. /3n-y= 

i 

E E E b p ,b i 31 --- B i 3m B i i B in ■ ■ ■ B ij m ) * B P' 

71=0 jl<...<j m P<~*t = 
i 

EE E (^ i ) m - B 7 ^'-B^' s 7 31 • • • B i, m ( b ih ■ ■ ■ B n m )* 



m=0ji<...<j m Pri-,= v 

{.~tj x '■■■>7j m } 1 1 

B 7 V (-l) m ( M -2"-' = 2™- i B 7 (-l + l) i = 0. 



m— 
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But we also have E(B 7 ) = lj 1 / 2 (B 1 ) — if 7 7^ 0. □ 
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Let us return to Bogoliubov transformations. The possible ranges of Bogoliubov operators are just the 
infinite dimensional IMnvariant closed subspaces of K,, and for V € T(1C, T), we may identify gy(C(/C,r)) 
with C(ranV, r| ran y). Thus we have just seen that 

[C(/C,r) : Qv (C()C,r))] = 2 indv * 

if indy* < oo, and this causes us to assign to each Bogoliubov operator a number 

d v : = 2? indV * < oo, VeX(fC,T) (7) 

analogous to the statistical dimension in the theory of superselection sectors jl4|. d is obviously multi- 
plicative 

dyyi = dydyi . 

Note that dy is defined without reference to any representation, but if gy happens to be implementablc 
in a Fock representation, then dy shows up as the dimension of the implementing Hilbert space. More 
generally, we shall see in Section |3.2| that the representations npog v (with P a basis projection and V an 
arbitrary Bogoliubov operator) split into dy resp. \J~2dy irreducibles if ind V* is even resp. odd (cf. |22[]). 
Also note that the conditional expectations E defined above allow the definition of left inverses |lCj] g oE 
for Bogoliubov endomorphisms. More explicitly, for a Bogoliubov endomorphism gy, a left inverse $y is 
given by $ v (AiA 2 ) := g v ~ 1 {A 1 )uj 1/2 {A 2 ) if Aj G COC^Tj), Id := rant/, JC 2 := kerF*. 

An essential ingredient for our analysis in Section g will be the criterion for quasi-equivalence of quasi- 
free states as derived by Powers and St0rmer Jll[ for gauge invariant states and generalized by Araki |Q . 
By definition, two states to, to' arc quasi equivalent (denoted by "«") if they induce quasi-equivalent 
GNS-representations. Now let Z P (IC) be the trace ideal 

3 P (/C) := {A G 93(/C) | ||A|| P < oo}, 1 < p < oo 

with trace norm \\A\\ p := (tr (\A\p))^p , and let S, S' £ Q(/C,T). The statement is 

u; s « ws* ^ ^ 1/2 - S' 1/2 G 3fa(/C). (8) 

It has been observed by Powers (2^] that this criterion may be simplified if one of the operators S, S' is 
a projection. Namely, if P is a basis projection, then 

uop^uus PSPe3i(tC). (9) 



3 Implementability and Equivalence of Representations 

The famous result of Shale and Stinespring Q asserts that a Bogoliubov automorphism ay, V G I°(IC, T), 
is unitarily implementable in a Fock representation wp if and only if 

[P,V] G3 2 (/C). (10) 

'Unitarily implementable' stands for the existence of a unitary operator 'J on Fock space fulfilling Ad^o 
up = npoay where 

(Ad#)(X) := 

(in the following, we shall use the notation Ad^P also for partially isometric , 5). Note that the Shale- 
Stinespring condition immediately follows from (g) (or @). In fact, existence of '5 is equivalent to quasi- 
equivalence of the irreducible representations up and upoay. Since npoay is a GNS-representation for 
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Lu P oa v — uoypv (see Lemma |2.l| ), n P w TTpoo-y if and only if P — V*PV = V*[V,P] <E fof^) by (g) 
(remember that P and V*PV are projections). 

We shall show first that an endomorphism gy is implementable in a Fock representation np (in an 
appropriate sense) if and only if ( |l0[ ) holds. Later we shall study the action of the group of implementable 
automorphisms on the semigroup of endomorphisms (with finite index) . This will lead us to a description 
of equivalence classes of representations irpog v . 

3.1 Implementability of Endomorphisms 

To generalize the notion of implementability to the case of endomorphisms we adopt ideas of Doplicher 
and Roberts |j] . The unitary implementer ^ above gets thereby replaced by a set of isometries fulfilling 
the relations of a Cuntz algebra We give a definition for arbitrary C*-algebras. 

Definition 3.1 A *- endomorphism g of a C*-algebra 21 is (isometrically) implementable in a represen- 
tation (tt, 7i) if there exists a (possibly finite) sequence (^„) n g/ in Q3(7i) with relations 

= 5 m „i, = i c , (ii) 

which implements g by 

■nog = ^ Ad*„o7r c . (12) 

nel 

H. then decomposes into the orthogonal direct sum of the ranges of the isometrics *S/ n , and nog decomposes 
into subrepresentations T^og\ra.n'ii Tl , each of them unitarily equivalent to n. But the converse is also true, 
i.e. g is implementable in n if and only if nog is equivalent to a multiple of tt. For irreducible tt this reads 

g is implementable in tt nog m n. (13) 



By (11), we may regard the implementing isometries (^ n )nei as an orthonormal basis of the Hubert 
space H := span ($n) in Q3(7i) with scalar product given by vp**!/' = (vj/ ; vp')i (this scalar product induces 
the usual operator norm). Every element 'J of H is an intertwiner from tt to nog: 

^n(A) = n(g(A))y, A € 21. (14) 

Note that H coincides with the space of intertwiners from n to nog if and only if n is irreducible. If 
n is reducible, there may exist several Hilbert spaces implementing g, mutually related by unitarics in 
n{g{%))' . More precisely, if (^> n )nei and (^' n ) n ei both implement g in n (we may choose the same index 
sets), then := J2 n ^'n^n 1S a unitary in 7r(g(2l))', and ^>' n = ^^f n - Conversely, given {^ n ) n& i and a 



unitary <!> S 7r(g(2l))', ( , i n I'„) rie / is a set of implementing isometries (cf. |31 ). 

An implementable endomorphism g gives rise to normal *-endomorphisms gn ■— Sngj Ad^ n of 
03 (H), and one finds Q 

[93 (W) : gj* (»(«))]= d» 



where d e := dimiJ does not depend on the choice of H — span^n). Let us outline the computation 
of the index in the setting of Watatani (cf. the proofs of Lemmas 2.2, ^3) for the case d e < oo. &h '■= 



CEn^n I s a left inverse for gn yielding the conditional expectation Eh ■— gn ° from Q3(7Y) 
onto g H {%$(H)). (^/d^^n)n=i,...,d e is a quasi-basis (cf. (||)) for E H , hence indexE H = d B = 
e^. To show minimality of E H , one must check (§) d g E H (A) = for ^ e Qh{^{U))' . But 



c w.r.t. strong topology if / is infinite 
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qhWH))' = span{W* | € H} ^ %(H), and d e E H (* m ** n ) = S mn l = £i Thus 

£ H is minimal and [58 (ft) : g H (®(ft))] = c^. 

We shall show in Section [| that d ev = dy (defined by ([?])) if gy is a Bogoliubov endomorphism, 
implementable in some Fock representation. 

Let us add a last remark on the general situation. Suppose we are given a set of implementers {^ n )nei- 
Then for m,n £ I, v P m \E'* £ 7r(g(2l))' is a partial isometry containing ran$ n in its initial space, and 
= (^m^n)^n- This suggests to construct a complete set of implementing isometries by multiplying 
one iso metr y ^ fulfilling ( |l4| ) with certain partial isometries in 7r(g(2l))'. We shall employ this idea in 



Section 4.2 



After this digression we concentrate on Bogoliubov transformations again. Inspection of (|13|) leads us 
to study the representations n pogy; as will turn out, they are quasi-equivalent to GNS-representations as- 
sociated with the states uipogy (a similar observation has been made, in a different setting, by Rideau ]3^| ). 
To see this let P be a basis projection and V £ X(/C, T), and regard 

v := PVV*P (15) 

as an operator on P{K). The direct sum decomposition P(JC) = ker v © ranv induces a tensor product de- 
composition of Fock space: T a {P(JC)) = ■7 r a (ker?;)£g).F (ran?;). Choose an orthonormal basis (fj)j=i,...,Nv 
for kerw where 

iVy := dim ker v < -indV* (16) 
(the inequality follows from keri>©rkeru c ker V* ) , and set A(f) := a(f)^(— 1) with a unitary ']/(— 1) 



implementing a_i in 7Tp (cf. the proof of Lemma ). Let In v be the set of multi-indices (3 = (/?i, ■ ■ ■ ,0i 
as in (||) (with finite entries f3j) and define 



A :=A(f 01 )---A(f 0l ) (A :=l), 



3 



TTpO Qy\yrV 



Note that the Ap are partial isometries in irp(gy(C(IC, T)))'. 

Lemma 3.2 Each of the 2 v cyclic subrepresentations (ftp ,4^) induces the state uipogy , and npogy 



splits into their direct sum: iipogy = @a eI ttY 



Proof. Invariance of and cyclicity of ffip are clear by definition. Since Ap £ ■Kp(gy(C(JC,T)))' and 
ApApVtp = Q P , we have (<% ,ir%(A)4%) = (n P ,ir P (g v (A))n P ) = u P (g v (A)), A £ C{K,,T). Thus 
(ftp , FY , (j>Y) is a GNS-triple for u> P ogy (and the representations irY are mutually unitarily equivalent). 

Next we show TY for /3 ^ 7. Since at least one of the vectors ApA*flp, A^ApQp vanishes if 
/3 ^ 7, we have for A, B £ C(K, T) 

^p{gy(A))4> v ,TTp{gy{B))<^) = (A%Sl P , -k p {q v {A* B))A*^ P ) = 0, 

implying orthogonality of and J 7 ^ . 

Finally we have to prove T a {P{K)) = ® fj T^ . Using ir P (g v (B(k))) = a{PVk)* + a{PVTk), k £ JC, 
one can show by induction on the particle number 



T% = 7T P (g v (C(IC,T)))np = F a (ranPV) = T a (Wnv). 
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Since the <pY form an orthonormal basis for J- a (k.erv), the assertion follows. □ 



The decomposition of these cyclic representations into irreducibles will be examined in Section 3.2. First 
we state the main result of this section. Remember that P = 1 — P. 

Theorem 3.3 A Bogoliubov endomorphism gv is isometrically implementable in a Fock representation 
Tip if and only if PVP £ O2 (AC). 

Proof. In view of ( |l3| ) and Lemma 3.2, gv is implementable in Tip if and only if ujpogy 1=3 uj p . Lcmma j2.l| 
and the Powers-St0rmer-Araki criterion in the form (|^) imply that uipog v w up if and only if PV* PVP S 
3i(AC). The latter condition is clearly equivalent to PVP £ ^2 (AC). Q 

Note that PVP is Hilbert-Schmidt if and only if [P, V] = PVP - PVP is, so the Shale-Stinespring 



condition ([L0|) remains valid. We denote the semigroup of Bogoliubov operators fulfilling (10) by 

2p(/c,r) -.= {v ei(/c,r) | pype^W}. 

Since PVP and PVP are compact for V e 2>(AC,r), (PVP)©(PVP) = V - PVP - PVP is semi- 
Fredholm, and 

hid V* =2 ind PV*P e 2N U {00} 
(we used PVP — T(PVP)T). Thus we have a decomposition (cf. @) 

j P (/c,r)= |J ip m (jc,v), i P m (fC,T) :=jp(/c,r)nx 2m (/c,r). 

to£NU{oo} 

In particular, the "statistical dimension" defined by (fj]) is contained in NU {00} if V G Ip(K, T). Let 
us finally remark that non-surjective Bogoliubov endomorphisms cannot be inner since C(/C,L), being 
AF and thus finite, does not contain non-unitary isometries. 

3.2 Equivalence of Representations 

As mentioned in Section the X°(K., r)-orbits in X(/C, T) w.r.t. left multiplication are just the subsets 
X n (K.,r). In the present section, we are interested in T P (IC, T) -orbits (for fixed P) since each such orbit 
gives rise to a unique equivalence class of representations irpogy. For V £ I(/C,r), we use the notation 

Sy ■— V*PV £ Q(AC,r), Q V :=1-VV\ 

and the symbol '~' will mean 'unitarily equivalent'. We only consider the action of 2 P (IC,T) on the 
semigroup of Bogoliubov operators with finite index 

X fin (/C, r) := { V £ I(K, T) I ind V* < 00}. 

For V £ X fin (/C,r), the operators Qv (the projection onto ker V*) and SySv = —V*PQvPV have finite 
rank. 

Lemma 3.4 Let V,V GX fin (/C,r). Then the following conditions are equivalent: 

a) 7r pogv and upogyi are unitarily equivalent; 

b) there exists U £ 1 P (JC,T) with V = UV; 

c) ind V = ind V' , and Sy — Sy' is Hilbert-Schmidt. 
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Proof. We first show a) c). By Lemma |3.2| , -Kpogy ~ irpogy, implies u>s v = copogy sa tupogy, = lo s ^ 
Hence by (||), Sy 2 — Sy, 2 £ 32(AC) which entails Sy — Sy £ fo^C) 0, Moreover, equivalent repre- 



sentations have isomorphic commutants. We have (cf. 12 ) 7rp(gy(C(IC,T))y — (Ttp(B(kerV*))^!(—l))" 
with 1) as in the proof of Lemma 2.3. Hence the commutants have dimensions 2 lndv resp. 2 lndv , 



and the indices of V and V must be equal. 

Next we show c) =>■ b). Let u be a partial isometry with initial space ker V*, final space ker V'*, and 
u = u (such u exists due to T-invariance and equality of dimensions of the kernels). Then U := V'V* + u 
is an element of I°(AC,T) and fulfills V = UV. We have to prove that PUP £ 32(AC). But u has finite 
rank, so it suffices to show 

A:=FVS v >V*Pe3iQC). 

Since SySy and Sy Sy have finite rank, Sy Sy+ SySy' — {Sy — Sy)(Sv — Sy>)+SySy + SySy is trace 
class. But the same is true for A = AQ V + AW* = AQ V + PV(SySv + S v Sy~)V* + PQ V PVS^V* . 
b) a) is obvious. □ 

In order to make use of part c) of the lemma, wc need information about the operators Sy . An orthogonal 
projection E on K, is called a partial basis projection jl2| if EE = 0. By definition, the T-codimension of 
E is the dimension of ker(£' + E). The following lemma holds for arbitrary S € Q(K,T) (except for the 
formula for the r-codimension, of course) as long as SS has finite rank. 

Lemma 3.5 Let V € I (AC, T) and let Ey denote the orthogonal projection onto ker S'yS'y. Then 
SyEy = EySy is a partial basis projection with finite T-codimension ind V* — 2Ny. Moreover, there 
exist Ai, . . . , A r G (0, h), partial basis projections E±, . . . , E r and an orthogonal projection Ei = Ei such 

that Ey +Ei+ J2 r j=i( E j + Ej) = 1 and 



1 r 

Sy = SyEy + -Ei + ^ UjEj + (1 - Xj)^) . (18) 



2 

Proof. Since SySy = Sy — Sy, Sy commutes with Ey and fulfills SyEy = S v Ey and also 
(SyEy)(TSyEyT) = SySyEy = 0. Hence SyEy is a partial basis projection. The dimension of 
ker(Sy£V + SyEy) — ker£y (the T-codimension of SyEy) equals the rank of SySy which is finite for 
V £ I fin (/C,r). By SySV = V*PQ v PV, the rank of SySy" equals dimV r *P(kery*). Now consider the 
decomposition 

ker V* = ker v® ker TJ© ( ker V* Q (ker v® ker v)j 

with v given by ((l^). V*P vanishes on ker v® ker v, but the restriction of V*P to ker V* Q (keri>© kerv) 
is one-to-one since V*Pk = = V*k implies V*Pk = 0, i.e. k £ kei v®kerv. Hence the T-codimension 
of SyEy equals dim(kerl/* (ker v® ker v)) = indV* - 2N V . 

Let sy denote the restriction of Sy to ran SySy. sy is a positive operator on a finite dimensional 
Hilbert space and has a complete set of eigenvectors with eigenvalues in (0, 1). If A is an eigenvalue of 
sy, then 1 — A is also an eigenvalue (with the same multiplicity) due to sy +~sy = 1 — Ey. Thus there 
exist Ai, . . . , A r £ (0, \) and spectral projections Ei, E\, . . . ,E r with El = Ei, EjEj — such that 
E k + Erf=i ( E j +E~) = 1-E V and s v = \E L + jf J=1 {XjEj + (1 - Aj)I£). □ 

As a consequence, operators Sy with indV* = 1 necessarily have the form Sy = SyEy + \E\ where 

d By an argument in Jie|], the conditions Sy 2 — Sy, 2 6 32(/C) and Sy — Sy/ 6 3^2 (/C) are actually equivalent for 
V,V £l Rn (K,r). 
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Ei = 1 — Ey has rank one. By taking direct sums of V £ X 1 (/C,r) with operators V((f) from 
the example below, we see that each combination of eigenvalues and multiplicities that is allowed by 



Lemma 3.5 actually occurs for some Sy. We further remark that a quasi-free state u>s with S of 
the form (|18|) is a product state^j as defined by Powers |53| (see also |2^, |24|) w.r.t. the decomposition 
K, = ker SS®ran Ei © 0^ ran (E } + Ej). Clearly the restriction of uis to C(ker SS, r| kcrS g) is a Fock 
state, the restriction to C(ran£' i 7 -L | ran E! ) the central state. 

2 5 

Example. Let (f n )neN be an orthonormal basis for P(JC) and set E n := fn(fm-), fn := (fn + 
r/n)/\/2, fn '■= Kfn ~ r/ n )/v2. Then (/ r t) s =±,neN is an orthonormal basis for K, consisting of V- 
invariant vectors. For p6l, define a Bogoliubov operator 

V{<p) := (/ + cos <p + /f sin <p) (/+, . ) + (/ ~ sin <p - /+ cos <p) (/ ", . ) + ]T /* +1 </*, . ) . 

s=±,n>l 

ThenF((^) e 1 2 {JC, T), and the eigenvalue X v = (l+sin2^)/2 of Sy^ = (\ v E + (l-\ v )E^J+J2n>i E n 
assumes any value in [0, 1] as if varies over [— 7r/4, tt/4]. 

Next we characterize the Bogoliubov operators V for which Sv takes a particularly simple form. A 
distinction arises between the cases of even and odd Fredholm index. 

Lemma 3.6 a) Let W S X(/C,r). Then the following conditions are equivalent: 

(i) ojpog w is a pure state; 

(ii) Sw is a basis projection; 

(iii) [P,WW*\ = 0. 

If any of these conditions is fulfilled, then ind W* — 2N\y and irpog w ~ d\y ■ tts w - 

b) For any basis projection P' and m £ N U {oo}, there exists W £ T 2m (JC,T) with Sw = P ' ■ 

c) Let W £ X fin (/C,r). Then the following conditions are equivalent: 

(i) ujpog w is a mixture of two disjoint pure states; 

(ii) Sy/Ew is a partial basis projection with T -codimension 1; 

(iii) [P,WW*] has rank 2; 

(iv) indVF* = 2N W + 1. 

d) For any partial basis projection P' with T -codimension 1 and m £ N U {oo} ; there exists W £ 
I 2m+1 (/C,r) with S W E W = P'. 

Proof, a) We know from Section [2] that uipogw is pure if and only if S\y is a projection. We have 

S W = S W <^=> W*PQ W PW = ^ Q w PWW*=0 [P,WW*]=0. 

If this is fulfilled, kerWVF* = kei(PWW*P)® ker(PWW*P) has dimension 2N W . By Lemma [Q[ npogw 
is the direct sum of d\y = 2 Nw irreducible subrepresentations, each equivalent to the Fock representation 
%• 

b) Let m and P' be given. There clearly exists W £ l 2m {JC,T) with [P,W] = 0. Since I°(K,T) 
acts transitively on the set of basis projections, we may choose U £ I°(JC,T) with U*PU = P'. Then 
W := W'U has the desired properties. 

c) (ii) (iii) follows from the facts that the r-codimension of S\yE\y equals the rank of WW* PQw 



(cf. the proof of Lemma 3.5) and that [P, WW*} = Q W PWW* - WW* PQw (ii) and (iv) are equivalent 



e A state u> is a product state w.r.t. a decomposition K. = ©j/Cj of K. into closed, T-invariant subspaces if oj(j4S) = 
lu(A)uj(B) whenever A £ C (/C j , T | x.. ) , B £ C(Kj~, r^j.). In this case, the restrictions uij of u> to C (/C j , T | je } ) are euen 

(i.e. invariant under with at most one exception. If all u)j are even, then u> is pure if and only if all ujj arc ]33|. 
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by virtue of Lemma |3.5|. (ii) (i) has been shown by Araki JT3] . To prove (i) (iv) , assume that 



indVF* — 2Nw > 1 (if ind W* = 2N\y, then Sw is a basis projection and ujpog w pure). By Lemma 3.5 



there exist a two-dimensional, L-invariant subspace }Ci C /C, A G (0, 1) and a basis projection P of 
(£i,ri), ri :=r|jc ls such that 5i := S\ Kl = XE + (1 - X)E, Set /C 2 := Kt , T 2 := T\ K2 and S 2 := % a . 
Then wg is a product state w.r.t. K. — /Ci®/C 2 ; we write cos = w Si ® ws 2 which means that ws(Ai A 2 ) = 
^Si(^4i)^s 2 (^2), ^.j G C(fCj,Fj). As = Aoj_b + (1 — A)(jj-g is a mixture of two equivalent Fock states 
over C(/Ci,ri), lus = X{uje ® ^s 2 ) + (1 — ® ^Sa) = Aw,e+s 2 + (1 — ^) u> e+S2 * s a mrx t ure of two 

quasi-equivalent quasi-free states over C(/C,T). We are going to show that ll>e ® ^s 2 an d cu^® los 2 are 
orthogonal. It is readily seen that ujs 1 is faithful. Let (tvi,Hi, fii) be the GNS-representation for lus 1 , i.e. 
Hi = C(JCi,Ti) as a vector space, Qi = 1, 7Ti acts by left multiplication, and ljs 1 {A) — (Qi,ni(A)Cli). 
Since is even, we may implement a_i by the self-adjoint unitary ^ r 1 (— 1) with ^ i(—l)ni(A)fli = 
7r 1 (a_i(A))f2 1 . Now choose a unit vector e G E(JCi), set e+ := (e + Te)/>/2, e~ := i(e — Te)/y/2, and 
define complementary orthogonal projections P := ^1 ± iir 1 (B{e~)B(e + ))^i(— 1) G 7i"i(C(/Ci, I^))'. A 
computation shows 

(Cl U TTi(A)P + fli) = Xu E {A), (Cli,TTi(A)p-ni) = (l-X)u^(A), AeCQCi,^). 

Let (7r 2 , 7i 2 , fi 2 ) be the GNS-representation for los 2 - Then the GNS-representation (tts,Hs,^s) for 
ws may be identified with the Z 2 -graded tensor product of iri and 7r 2 . Since deg-P* = and 
P ± G 7Ti(C(/Ci, Ti))', the projections (8 1 lie in the commutant ws(C(K,T))' . We now infer from 
(n s ,Tr s (A){P+ ® l)Sl 8 ) = A(w £ ® W s 2 )(A) and (Q s , 7r s (A)(P- <g> l)fi g ) = (1 - A)(w^ ® w Sa )(A) that 
cj£ ®wj 2 and uj-^®los 2 are indeed orthogonal. Hence lus cannot be a mixture of two disjoint pure states. 
This proves (i) =>■ (iv) and therefore part c). 

d) Let (f n )neti be an orthonormal basis for P(IC), (g n )n>i an orthonormal basis for P'(/C), and go a 
unit vector in ker(P' + P'). Set V :— /o (<?o, -)+E s =± n>i fnidni ■ ) ( we use the notation of the example). 
Then V G 1 1 {K.,T) and Sy = §ffo(ff , • ) + P' ■ This implies S V E V = P', and if we choose W as in the 
proof of b), then W :— W'V has the desired properties. □ 

One may use the argument given in the proof of c) inductively to show that a quasi-free state ws with S 
of the form ( fl8| ) is a mixture of 2 m mutually orthogonal, pure states if the rank of SS is 2m or 2m — 1. 
Now let us discuss the decomposition of representations irpogv with V G I fin (/C,r). If indV* is even 



(resp. odd), then SyEy is a partial basis projection with even (odd) r-codimension by Lemma 3.5, and 
there exists a basis projection (partial basis projection with F-codimension 1) P' with P' — Sv G 3 2 (/C) 
(we may choose P' to coincide with SyEy on ker SySy; then P' — Sv has finite rank). By Lemma |3.6|, 



there exists W with indVF = indV and SwEw = P', and Lemma 3.4 implies irpogv — ^p°Qw- The 



latter representation splits into 2 Nw copies of the GNS-representation ns w for the state copog w by 



Lemma 1/2. If indV* is even, tts w = np> and 2 w = dv- If ind V* is odd, then irs w = tt + @tt where 
tt^~ are mutually inequivalent, irreducible, so-called pseudo Fock representations by virtue of a lemma of 
Araki (see ||j for details), and 2 Nw = 2- 1 / 2 d v . 

Summarizing, we rediscover Bockenhauer's result f22|| : 

Theorem 3.7 Let P be a basis projection and V G Z fin (/C,r). If indV^* is even, then there exist basis 
projections P' with P' — Sv G 3 2 (/C), and for each such P' 

TTpOgy ~ dy ■ 7Tp'. 

If indV* is odd, there exist partial basis projections P' with V -codimension 1 and P — Sv G 3 2 (/C). For 
each such P' , 

ITpOgy ~ 2 _1 / 2 dy ■ (7Tp,©7rp,) 

where TTp, are the (inequivalent, irreducible) pseudo Fock representations induced by P' . 
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We shall study the action of I p (/C,r) on Ip(K, V) in Section [lj^. Then the orbits are the sets 
Ip m (/C,r), m < oo, and each orbit contains representatives W with [P, WW*] = 0. 

4 Construction of Implementing Isometries 

Our construction of implementers follows the lines of Ruijsenaars' approach in J^] which is to our knowl- 
edge the most complete treatment of the implementation of Bogoliubov automorphisms. Another advan- 
tage of H for our purposes is the (implicit) use of Araki's selfdual CAR algebra formalism. 

Let us first introduce some notation, followed by simple observations. Throughout this section Pi is 
a fixed basis projection of (/C,T) and Pi := 1 — P\ = Pi. The components of an operator A on K are 
denoted by 

A m n '•— PmAP ni 7Tl,Tl =1,2 

and are regarded as operators from K n :— P n {K-) to K m . Thus ker A mn , (ker Amn) 1 -, (ranAnm) 1 etc. are 
viewed as subspaces of K, n , and we have 

A m n = A nm , An — A22 etc. 

We also use matrix notation A = ^ 12 ) w.r.t. to the decomposition K, = K,i®K,2- 

Let V £ Xp 1 (/C,r) be a fixed Bogoliubov operator, with gy implemcntable in the Fock representation 
7r p 1 . The relation V*V — 1 reads in components 

^11*^11+^21*^21 = Pi, (19) 

^22*^22 + ^12*^12 = P 2) (20) 

Vn*V 12 + ^21*^22 = 0, (21) 

^22*^21+^12*^11 = 0, (22) 

whereas V — V gives 

V22 = Vn, V21 = Vi2- 



Since V12 is a Hilbert-Schmidt operator by Theorem 3.3, ^2*^22 is Fredholm (with vanishing index) by 
(f20|). This means in particular 

dimkcrV22 = dimker ^22*^22 < °°- (23) 

Note that V^lkcrV^ i s isometric and, by (pii"|), 

VuQasVm) CkerVh*. (24) 

As mentioned at the end of Section [Tl|, Vn* is semi-Fredholm with ind Vn* — ^indy*. By the above 
and by kerVn = rkerI/22, we have 

hid Vn* = dim(ker Vu* 7i 2 (ker V22)). (25) 

In the following, we are going to describe some operators by integral kernels. Thus we assume in this 
section (without loss of generality) 

ACi =L 2 {WL d ). 
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4.1 Unbounded Bilinear Hamiltonians and Ruijsenaars' Operator A 

Bounded bilinear Hamiltonians have been introduced by Araki [ppf as infinitesimal generators of one- 
parameter groups of inner Bogoliubov automorphisms. More specifically, one may assign to a finite rank 
operator H = Ylj ■ ) on K, the bilinear Hamiltonian 

b(H) i^BMBW 

3 

and extend 6 to a linear map from 3i(/C) to C(JC,T) by continuity (relative to trace norm on 3i(/C) and 
C*-norm on C{JC, T)). If H e 3i(lC) satisfies H* = -H and H = H, then b{H)/2 is the generator of the 
one-parameter group (a e tif)tgR: 

OL e tH = Ad(exp(i6(iJ)/2)). 

Further properties of b are summarized in (l^, [TsJ . 

Since elements B(k) with k € K\ correspond to creation operators in the Fock representation ~Kp t , we 
may write 

TTp 1 (b(H)) — Hi 2 a*a* + Hna*a + H 22 aa* + H 2 iaa 

where the terms on the right are defined by H\ 2 a*a* :— TTp 1 (b(Hi 2 )) etc. Introducing Wick ordering by 
'■ a (f) a (g)* '■ = - a (g)* a (f), we get -H 22 aa* : = -H 22 *a*a = H 22 aa* - (tr H 22 )\ and 



:tt Fi (&(#)): =H u a*a* + (H n - H 22 *)a*a + H 21 aa. (26) 

According to |8[ one may define such Wick ordered expressions for bounded H as follows. Let 
S C J- a (K,i) be the dense subspace consisting of finite particle vectors <f> with n-particle wave functions 
<j)( n > in the Schwartz space 6>(IR dn ). Forp S K d , the unsmeared annihilation operator a(p) with (invariant) 
domain S is defined by 

(a(pW n \ Pll . . . ,p n ) := Vn~TT^ n+1 \p, Pl , . . . ,p n ). 

Since a(p) is not closable, one defines a(p)* as the quadratic form adjoint of a(p) on S x S. Then Wick 
ordered monomials a(q m )* ■ ■ -a(qi)*a(pi) ■ ■ ■ a(p n ) arc well defined quadratic forms on S x S, and for 

(<p, a(q m )* ■ ■ ■ a{q 1 )*a{p 1 ) ■ ■ ■ a(p n )<f>') = (a(qi) ■ ■ ■ a(q m )<p, a(px) ■ ■ ■ a{p n )(j>') 

is a function in S(BL d ( m+n * > ) to which tempered distributions may be applied. For example, one has in 
the quadratic form sense 



a(f) = ff(p)a(p)dp, a(f)* = f f(p)a(p)* dp, f &1C X . 

Now let H be a bounded operator on JC. By the nuclear theorem of Schwartz, there exist tempered 
distributions H mn (p, q), m, n = 1, 2, given by 



(f,H n g) = f f(p) Hu(p, q)g(q)dpdq, 

(f,H 12 Tg) = J f(p)H 12 (p,q)g(q)dpdq, 

(Tf,H 21 g) = J f(p)H 21 (p, q)g(q)dpdq, 1 ' 

(r/, H 22 Tg) = J f(p)H 22 (p, q)g(q)dpdq, f,g € S(R d ) C Id. 
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Hence we may define the following quadratic forms on S x S 

H 12 a*a* := J H 12 (p,q)a(p)*a(q)* dpdq 

Hna*a :— j Hn(p,q)a(p)*a(q) dpdq 

:H 22 aa*: := -l^Va (28) 

= - / H 22 (q,p)a(p)*a{q)dpdq 

H 21 aa := J H 21 (p,q)a(p)a{q) dpdq. 

The (Wick ordered, unbounded) bilinear Hamiltonian induced by H is then defined in analogy to ( p6|) as 

:b(H) : := Hi 2 a*a* + (Hn - H 22 *)a*a + H 2 iaa; 

it is linear in H . We define its Wick ordered powers as 

1 i 

:b(H) 1 : :=Z! ]T ^-^( Hl2 ) h (H u - H 22 *) l > (H 21 ) l ° a* 2h+l * a l *+ 2l ° (29) 

il + <2 + <3= ! 

where the terms on the right hand side are quadratic forms on S x 5 (cf. (|]) 

(H 12 ) h (H u -H^) h {H 2l ) l °a* 2h+h a l2+2h := 

| ff U (Pi,qi)---H 12 (p h ,q h ) (HM 7 q[)- H 22 (q{ , p[ ) ) • • • (ff u (p' h , ^ ) - H 22 (q' h , p' h ) ) • (30) 

• iJ 21 (p?, q'l) ■ ■ ■ H 21 (p'{ 3 , q'Oaipxf ■ ■ ■ a(p h y a ( qi J* • • • a( qi )* a^)* ■ ■ ■ a(p' h y atf^ ■ ■ ■ a( q [) ■ 
■ a(Px) ■ ■ ■ a (Pi a ) a Wi 3 ) ■ ■ ■ a{q") d Pi dqi... dp h dq h dp[ dq[ . . . dp' h dq[ 2 dp'[ dq'{ . . . dp'{ 3 dq" 3 . 

Finally, we define the Wick ordered exponential 

:exp(&(iT)/2): := £ -j :b(H) 1 : (31) 
;=o 

which is also a well-defined quadratic form on S x S since the sum in ( |3l| ) is finite when applied to vectors 
<t>, <f>' e S. 

How do we have to choose H in order to relate these quadratic forms to implementers for Qyl Let us 
first remark that we may restrict attention to antisymmetric H, i.e. to operators fulfilling 

H = -~H* (32) 

(in components: Hn = —H 22 *, H\ 2 = —H\ 2 *, H 2 \ — —H 2 \*). Indeed, we have H = H + + H~ with 
H ± :=\(H±H~*) = ±(H ± )*, and we claim that 

:b(H): = :b(H-): 

or equivalently :b(H + ): = 0. From (H 22 )* = H n we infer :b(H + ): = H^ 2 a*a* + H 21 aa. It follows 
from H^ 2 = (H^ 2 )* and ( p7| ) that Hi 2 (p,q) = Hi 2 (q,p). But by virtue of the CAR we have H^ 2 a*a* = 
J Hi 2 (p,q)a(p)*a(q)* dpdq = — J Hi 2 (q,p)a(q)*a(p)* dpdq — —H^ 2 a* a* , hence H^ 2 a*a* = 0. A similar 
argument shows H 21 aa = which proves the assertion. 

So let H be antisymmetric in the above sense. Of course, we would like to deal with well-defined 
operators instead of quadratic forms. By a result of Ruijsenaars B, :exp(b(H)/2) : is the quadratic 
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form of a densely defined operator with domain T> :— irp 1 (CqQC, T))Clp 1 , the subspace of algebraic tensors 
in J- a (ICi), provided that H\ 2 is Hilbert-Schmidt. In this case, the series ( pl| ) converges strongly on T>, 
:exp(b(H)/2): (viewed as an operator) maps T> into the dense subspace of C°°-vectors for the number 
operator, and 

||:exp(6(ff)/2):r!p 1 || = (dct( J P 1 + J ff 12 i/ 12 *)) 1 / 4 . (33) 

The operators H of interest are now selected by intertwining properties (cf. (Q)) of :exp(b(H) /2) : . Let 
a v{f) = a (Vii/) +a(Vi 2 r/)* denote the transformed annihilation operator as in ([|). We are looking for 
operators H fulfilling 

:exp(&(ff)/2):a(/)* = a v {f)* :exp(&(F)/2): , / € Ki (34) 
:eMHH)/2):a(g) = a v {g) :exp(6(tf)/2) : , g € QasrVn^ (35) 



on P. Since ay{g) is a creation operator for g 6 ker Vn, (|35j) cannot hold f or su ch g unless g = (the l.h.s 



of (35) vanishes on Qp 1 , but the r.h.s. does not, cf. the proof of Lemma 4.2). We impose an additional 



relation for vectors in kerVn which will prove to be "correct": 

:exp(b{H)/2):a{h)* = 0, hekerV u . (36) 



To solve (p4[)-(p6[), we have to compute commutation relations of :exp(6(iJ)/2) : with creation and 
annihilation operators. 



Lemma 4.1 Let H 6 *B(A^) be antisymmetric in the sense of (p&) with H\ 2 HUbert- Schmidt. For 
f,g G ICi, the following relations hold on T> 

[:exp(&(f0/2) :,<*(/)*] = a(H n f)* :exp(&(#)/2): + :exp(b(H)/2) : a(TH 21 f), 
[:exp(&(tf)/2):,a(<?)] = a(iT 12 r 5 )* :exp(&(#)/2): + :exp(&(#)/2) : a(H^g). 



Proof. Let us first compute commutation relations for Wick monomials of the form (cf. ( p0| 

H lM := (H 12 ) l i(H n ) l *(H 21 ) l *a* 2h+l °a lM . 
Using the formal CAR, we get 

a(qi) ■ ■■a(qi)a(p)* = (-i) l a(p)*a{qi) ■ ■ -0(171) +^ =1 (-l)- 7_1 ^(gj - p)a(qi) ■ ■•J^b) ■ ■■a(qi), 
(-l) l a(px) ■ ■ ■ a(pi)a(p)* = a(p)*a(p 1 ) ■ ■ ■ a(pi) + Y^^ii" 1 ) 3 s (Pj ~ P) a (Pi) • ' • -a(Pi)i 

where the factors under the symbol " " are to be omitted. In the following computation, we use in 
addition 

/ a(p)H 21 (p,q)f(q)dpdq = a(TH 21 f), 
Jf(p)H 21 (p,q)a(q)dpdq = a(H 21 *Tf) = -a(TH 2l f), 
Ja( P )*H 11 ( P ,q)f(q)d P dq = a{H n f)* . 

Hl xM3 a{f)* = J H 12 ( Pl , qi )---H 12 { Ph ,q h )H 11 { P ' l , q [)---H 1 ^^ ■ 

■ f(p)a(px)* ■ ••a(Ph)*a(qii)* ■ ••a(qi)*a(p'i)* ■ ■ • a(p'i 2 )*a{Qi 2 ) • ■ ■ atfiMPi) • '-aiPiJ • 

■ a (q'i 3 ) ■ ■ ■ a (q")a(p)* dpi dqx... dp h dq h dp[ dq[ . . . dp' h dq' h dp" dq'{ . . . dp" 3 dq" 3 dp 

= (-l) h [ H 12 ( Pl , qi ) ■ ■ ■ H 21 (p'' q ")f(p)a( Pl y ■ ■ ■ a(q[)a(p'{) ■ ■ ■ a( P 7)a( P y a{q'') ■ ■ ■ a(q'{) d Pl . . . dp 
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+■ E(- 1 )' _1 / ff u(pi, <Zi) ■ • ■ #21 <#) ■ • ■ H 2l {p'{ 3 ,q'Q8{q'; - p)f(p) ■ 
4=1 

■ a(p x )* • ■ ■ a(g4)o(Pi) ■ ■ • ^pf) ■ • ■ a(p?X<£) ■ • • ^(gf) ■ • ■ a(<^(-l) , »-' +, »- 1 a(i#) dpi . . . dp 
Hwipuqi) ■ ■ ■ H 2 i(pi 3 ,qi 3 )f(p)a(p 1 )* ■ ■ ■ a(p\ 2 )* a(q' h ) ■ ■ ■ a{q[)a{p)* a{p'{) ■ ■ ■ a(q") dpi ...dp 

+ X>1) 3 / H 12 ( Pl , qi ) ■ ■ ■ H 21 (p>>, ■ • • H 21 (p'l 3 , &WJ ~ P)f(PHPiT ■ ■ ■ o(gi)a(P?) ■ • ■ 
4=1 J 

■■■'•:,/;■■■■ a{p'l 3 )a{q'{ 3 ) a(gi') (-lWg J) d Pl ...dp+ l s H llM3 ^a(TH 21 f) 

(-l) h ! H 12 (p uqi ) ■ ■ ■ H 21 {p'L <)/(p)a( Pl )* • ■ ■ a(p', )*a(p)*a(^J ■ • • d Pl . . . dp 



+ E(" i r 1 / ffia(Pl,«l) ' ■■H 11 (p' v q' 3 ) ■ ■■H 21 {p'{ 3 ,q'{ 3 )8{q' J ~p)f{p){-iy- 1 a(p' j y ■ 

■ a(pi)* • ■•a(gi)*a(p' 1 )* • ■•a(^)* ■ • ■ a(p' h )* a(q' h ) ■ ■■a(q' j ) ■ ■ ■ a(q' x )a(jp'{) ■ ■■a(q")dpi ...dp 
+ 2l 3 H lul2th _ ia (TH 21 f) 
= a(f)*H luhM + l 2 a{H n f)*H lul2 _ hh + 2hH hM3 _ x a{TH 21 f). 

Hence we have on V: [Hi uhM , a(f)*} = l 2 a(H n f)* H hM - 1M + 2l 3 Hi uhM ^ 1 a(TH 21 f). 
Taking into account 

(-l)'o(pi)* ■ ■ ■ a{pi)*a(p) = a(p)a(p 1 y ■ ■ ■ a( Pl )* + £; =1 (-l)''*(p " pMpi)* ■ • ■ ' ' o(Pl)% 

a( gi y ■ ■ ■ a( qi ya(p) = {-l) l a(jp)a{qi)* ■ ■ ■ a( qi )* + Ej=i(-l) i_1 *(P - <&M«)* • • ■ ^(5* • ■ ■ a(«i)* 

and 

f g(p)H 11 (p,q)a(q)_dpdq = a{H xl * g) = -a(H 22 g), 

J a{p)*H 12 (p, q)g(q) dpdq = a(H 12 Tg)*, 

J g(p)H 12 (p 7 q)a(q)* dpdq = a(TH 12 *g)* = -a(H 12 Tg)*, 

we find in a similar way: [Hi lt i 2 j 3 , a(g)] = 2lia{Hx 2 TgYHi^i^i 3 + l 2 Hi lt i 2 -i t i 3 a(H 22 g). 
Combination of these commutation relations with (|29|)-(j32|) now yields 

[:exp(6(iJ)/2):,a(/)*] = ^2"' £ ^Jff,^,, a (/)*] 



hH 2 \hV 

1=0 h+l 2 +h=l 



=1 h+h+h=l 



00 2' 2 

i=i z 1 +i 2 +i 3 =i ' 

a(ff u /)*:exp(6(H)/2): + :exp(6(fl)/2) : a(TH 21 f), 



2 h 

[:eMb(H)/2):,a(g)} = £ 2"' ]T —-[ff^, «(<?)] 
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°° 2 h 

1=1 h+i 2 +i 3 =i v >' z ~ J ' 

+ E2- ( '" 1} E z 1 !(Z a -l)!Z 3 ! H, - , '- 1 -" 0(g22g) 
i=i i 1+ i 2 +i 3 =i ^ d 

= a(ff 12 r 5 )*:exp(6( J H")/2): + : exp(b(H)/2) : a(H^g). 

□ 

We next introduce the associate || A(V) of V as a special solution of (|3^)-(|36|)P]. Since the ranges of 
the semi-Fredholm operators Vn and Vn* are closed, the bounded bijection Vii^-any^* from ranVn* = 
(ker Vii) 1 " onto ran V11 has a bounded inverse. Let Vn G S(/Ci) equal this inverse on ran Vu and equal 
zero on ker Vn*. We then have 

ranl/n -1 = ranVii*, ker Vn -1 = ker Vn* , 

VnVn =-PranVn, Vn Vn — P ran * 

where Pu denotes the orthogonal projection onto a closed subspace H C JC. Of course, the analogous 
relations hold true for V 2 2~ l = TVn 1 ^- As a generalization of Ruijsenaars' definition in ||, we now set 



A(T0n 
A(V) 22 

A(V) 21 



= V12V22 — Vll *V21*Pkcr V 2 2* 

= Vn' 1 * -Pi- P^v 11 *Vi 2 V 2 2~ 1 V 2 i 
= P 2 - V 22 ~ x + Vra'Vn^nVPkerV,,- 
= (V22 -1 - F^Vn- 1 *^*^^.)^!. 



1.1 T- ( 38 ) 



Lemma 4.2 TTie antisymmetric solutions H of (p4ylp(\) with Hi 2 HUbert- Schmidt are precisely the 
operators of the form 

H = A(V)+( *\ ) 

\Vi2 hi 2 V 2 i -V12 h u J 

where hi2 is an antisymmetric Hilbert-Schmidt operator from IC 2 to K-i with 

(ker hit) 1 - C ker V22 * Q V>i (ker V n ), ran h X2 C ker Vn* Q V 12 (ker V22 ) • 
The space spanned by such operators hi 2 has dimension (m 2 — m)/2, m := indVn* = iindV^*. 

Proof. We first note that a Wick ordered expression a(f)* :exp(b(H)/2) : + :exp(6(iJ)/2) : a(g) vanishes 
if and only if / = g = 0. In fact, application to the vacuum gives a(f)* exp(^Hi 2 a* a*)flp 1 which equals 
zero if and only if / = (to see this, look for instance at the one-particle component). Similarly, 
( :exp(b(H)/2): a(g))a(g)*fl Pl = \\g\\ 2 exp(^Hi 2 a* a*)flp 1 vanishes if and only if g = 0. 

Hence we get all solutions of ([m])-(|6]) if we write these equations in Wick ordered form and then 
compare term by term. We have by Lemma [l.l| 



:exp(b(H)/2):a(f)* = a((Pi + #11)/)* :exp(6(ff)/2) : + : exp(&(ff)/2) : a(TH 21 f), 
ov(/)*:exp(6(H)/2): = a((Vn - H X2 V 2 i)f)* :exp(6(H)/2) : + :exp(6(JT)/2) : a(r(P 2 - H 22 )V 2 if), 
avjg) :exp(6(g)/2): = a((V 12 - H 12 V 22 )TgY : exp(6(ff)/2) : + :exp(b{H)/2):a((Pi-H^)Viig). 

•^The operators H12 described below may equivalently be characterized as follows. According to Lemma [4.6[ each 
antisym met ric Hilbert-Schmidt operator T from /Ci to IC2 induces a bas is projection Pj-. Then VPtV = W*P\ W (see 



Lemma 4.8) holds if and only if — T* = H\2 for some H as in Lemma 4.2 
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Thus (pj) is equivalent to 



(B5T) is equivalent to 



(PL + Hu-Vu + HuVa)/ = 0, (39) 
{H 2 i + {H22 - P 2 )V 2 i)/ = 0, /e/Ci, (40) 



(^12^22-^2)^ = 0, (41) 

(Pi + (Hn-Pi)Vu)g = 0, 3 € ran Fix*, (42) 

whereas ([56]) is equivalent to 

{P 1 +H 11 )h = 0, 

fr 21 /i = 0, ZiekcrVii. 1 > 

Next we show that each antisymmetric Hilbert-Schmidt operator H12 fulfilling (f4l| ) and V2i(ker Vn) C 
kerf/12 gives rise to a unique solution H of (|32] ) and (j|J) (|3^). Given P12, Pn is fixed by fl39l) which 



in turn yields H22 = — P11* by (|32|). H21 is then determined by (|4C|) which proves uniqueness of H. 
Explicitly, we have 

Hu = V n - P x - JT12V21, P 22 =P 2 - V> 2 * -V 12 *H 12 , P 2 i = (V 22 *+V 12 *H 12 )V 21 . (44) 



To see that ff indeed is a solution of ( p2[ ) and (|34|)-(|36D, we have to check antisymmetry of H21, ( [42[ ) 
and (|4li|) (the rest is clear by construction). By antisymmetry of H12 and we have 



P21 + P21* = (V 22 * + V 12 *H 12 )V 21 + V 12 *(V U - H 12 V 2 i) = 0, 
so i?2i is antisymmetric. By ( p^ ) and (p4|), we have for 5 £ ranVn* 

(Pi + (H22" - Pi)Vii)fl = (Pi - (Vn* + V2x*H^)Vxi)g = v 21 *r(v 12 - i?i 2 V 22 )r 5 = 0, 
so (||) holds. Using @), we find for /i e kerVn 

(Pi + H u )h = -H 12 V 21 h, H 2l h = V 1 2*H 12 V 21 h. 



Thus (43) is equivalent to V 2 i(kerVn) C kerf/i 2 which holds by assumption, so H solves ( |32| ) and 
©-If. 

Finally, we have to characterize the antisymmetric Hilbert-Schmidt operators H12 fulfilling (41) and 
V 2 i(kerVn) C kerffi 2 . Note that A(V) 12 is Hilbert-Schmidt since V12 is, that A(V) 12 solves (41) and 
that 

A(V) 12 V 2 i/i = -Vn" 1 *V 2 i*V 2 ift = -V n ~ U h = 0, he kerV u = kcr Vn" 1 * 
by (H|), (|H) and ©. A(V) 12 is also antisymmetric: 



a(v) 12 + a(v) 12 * = v 1 2V 22 " 1 -v 1 r 1 *v 21 *p kerl/22 * +v 1 r 1 *v 21 *-p kcryil .v 12 v 22 - 1 

= PranVn V 2 V 22 1 + Vn * V 2 i * P ran y 22 

= Vn-^CVu'Via + V2i*V22)V 22 - 1 
= 

by ( |37| ) and (]2l]). Hence A(V) 12 has all the desired properties, and one readily checks (using Pk or v 22 * 
P 2 — V 22 V 22 ~ ) that the corresponding solution of (p2) and (|34|)-(|3"6|) is given by (|38|). 
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To find the general form of Hi2, we make the ansatz Hyi = A{V) l2 +h\2- Then H12 is an antisymmetric 
Hilbert-Schmidt operator if and only if h\2 is. It fulfills ([II]) if and only if /112V22 = 0, and we have 
V2i(ker V11) C kei H12 if and only if V2i(kerVii) C ker/112. The last two conditions are equivalent 
to (ker/112) C (ran l/22©V2i (ker Vli)) -1 = kerp22* V2i(kerVii), and we then have by antisymmetry 
ran/112 = r(ran/ii2*) C T(hen h^) 1 ' C kerVii* G Vi2(kerV22)- As a result, the admissible components 



H12 (as well as the remaining components (|44|)) have the form stated in the lemma. By (25), we may 
regard the hi2 as antisymmetric operators from one m-dimensional space to another, thus there are 
(to 2 — to)/2 linearly independent ones. □ 

For H12 = A(V) 12 + h\2 as above, we have H-f^Hl = ||A(V) 12 ||2 + ll^i^Hl- Hence the associate A(V) is 
the antisymmetric solution of (|34|)-([36|) with minimal Hilbert-Schmidt norm ||A(y) 12 || 2 . In the rest of 
Section ||, we shall work exclusively with A(V). But we emphasize that all the results in Sections and 
4-S hold as well if A(V) is replaced everywhere by one of the operators H described in Lemm a |^-4 The only 



point where the choice of the associate (of W below, not of V) is distinguished is in Section 4.3 (A(W) 12 = 
0, see Lemma |4.8| ). We remark further that ( p8| ) reduces to the definition given by Ruijsenaars S 
(i.e. A(V) 12 — V12V22 - ) whenever wpjOgy is pure (cf. Lemma |3~6| a)). 

4.2 Normal Form of Implementers 

As we have seen in Section |4.l|, :exp(i>(A(V))/2) : is (the quadratic form of) a densely defined operator 
with intertwining properties fl34|)-(|36|). To construct an isometric implementer for gy, let 



Ly := dimkerVii < 00 
(see (p3|)) and choose an orthonormal basis {ei, . . . , cl v } for kerT^i- For r = 1, . .., Ly, set] 

A r := a(e r )*(-l), 

Ay r := a v (e r )V(-l) = a(V 12 re r )*#(-l) 



(45) 



where V?(— 1) is the self-adjoint unitary implementer for a_i with \&(— l)f2p 1 = ftp 1 (cf. the proof of 
LemmaQ. Then the A r ^*\ Ay^*^ respectively fulfill the CAR. Let Vl v denote the index set consisting 
of pairs (a, s) with s € {0, . . . , Ly} and a a permutation of order Ly satisfying <r(l) < . . . < er(s) and 
a(s + 1) < ... < a(L v ). Vl v is canonically isomorphic to the power set *}3 iv of {1, . . . , Ly} through 
identification of (a,s) with {cr(l), . . . ,a(s)}, hence its cardinality is 2 Lv . We now define the following 
operator on T> 

*o(V) ■■= (det(P 1+ A(y) 12 A(V0 12 *))~ 1/4 - (46) 
• J2 (-!) S signa Ay Ml) ■ ■ ■ Ay a(s) :exp(b(A(V))/2): A a{s+1) ■ ■ ■ A a(Lv) (47) 

with range contained in the space of C°°-vectors for the number operator. 

Lemma 4.3 ^q(V) has a continuous extension to an isometry (denoted by the same symbol) on T a {K,i) 
with 

*o(^)7r Pl {A) = 7r Pl (ev(A))* (VO, A e C{JC, T). 

9 It is also possible to incorporate the factors <£>(— 1) into :exp(6(A(V))/2) : as is done in [|. Q, but the choice @ 
simplifies the combinatorics. 
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Proof. We first show 

*o{VMf)V = a v (/) W *o(n /G/Ci (48) 
on P. To this end, let us introduce the analog of Ruijsenaars' operator T(V) B 

/ \-V 4 
^):= (det(P 1+ A(V%A(V%*)) :exp(6(A(^))/2) : . (49) 



For / e (kerVu) 1 -, (|§) follows from (g), © together with [o(/)(*Ur] = [ay(/) ( *Uv,r] = 0. To 
prove ( ff8[ ) for f = e r , r =1,. .., Ly, we make use of 

[o(e r ), A s ] = [ay(e r ), Ay, s ] = 0, (50) 

[a(e r )*,A s ] = [a v (e r )*,A v , s } = <5„*(-l), (51) 

{*(-l), A s } = {*(-l), Ay, s } = [*(-l), = 0. (52) 

Note further that for fixed r, the bijection {M S | r S A4} — > {A4' € <Pl v I r ^ A4'}, A4 \ {r} 
induces a bijection (cr, s) >— > (cr', s') from {(a, s) e Pl^ I r € {c(l), • • • , c(s)}} onto {(a', s') £ Vl v \ r 
{a'(l),...,a'(s')}} with 

s = s' + l, (-l) s signcr = (-l) r signcr', £r _1 (r) + cr'" 1 ^) = r + s. (53) 



We now have by virtue of the CAR, (|5C|), (|5J) and (|53j) on £> 

* (F)a(e r ) = A y , r £ {-ly+^^-higna A VM1 y-A\. r ---A v ^ 



rS{<r(l),...,cr(*)} 



• *(^)4 ff(s+1) • • • a(e r )*(-l) 2 • • • A a(Lv) 

ay(e r )*(-l) 2 ^ (-l) s 'signcr' A v ^ (1) ■ ■ ■ A v ^ a , ^ (V) A^, {s , +1) ■ ■ ■ A a , (Lv) 



a v (e r )^o{V). 



As a consequence of (p4[ ) and (|6|), we have ty(V)a(e r )* = ay (e r )*\fr(V) = 0. This yields in connection 
with ©, @ and (§§ 

a y (e r )** (T/) = 

= *(-l) (-l) s+CT " (rKl signa A y!CT(1) ...A^ r ..-A^ (s) *(T/)A CT(s+1) ...A ff(Lv) 

re{iM,...,t(.]} 

- tt(-l) £ (-l) s '+ CT ' _1 «signaM ViCT , (1) ---^ CT , (s0 ^(F)^ (y+1) ---3;---^( iv ) 

(a', s ')ev Lv 

rf£{<r'(l),.. .,»'(*')} 

= * (V)a(e r )*, 
so ( |48| ) holds. 

Since the Ay ir W fulfill the CAR and A v /i>{V) = 0, Ruijsenaars' result (§|) implies 

= (y(V)n Pl ,A VtLv *A V!Lv ---A Vtl *A Vtl $(V)n Pl ) 

= 1. 
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Since the ay (/) ( * ) also fulfill the CAR and since ay (f)'i'o(V)£lp 1 = by (|48|), we obtain for 
9ii ■ ■ ■ 1 5m, h\, . . . , h n G Ki 

(V (V)a( 9l )* ■ ■■a(g m )*n Pl ,y (V)a{h 1 y • • • a(h n )*Q Pl ) = 
= (^ a (V)n Pl ,a v (g m ) ■ ■ ■ a v (gi)a v (hi)* ■ ■ ■ a v (h n )*^ {V)n Pl ) 
= ( a (gi)* ■ ■ ■a(g m )*fl Pl ,a(hi)* ■ ■ ■ a(h n )*fl Pl ). 

Hence ^o(V) is isometric on T> and has a continuous extension to an isometry which satisfies (f4§| ) on 
T a {JCi). But this implies ^ (V)w Pl (A) = ir Pl (g v (A))^ {V) for A G C(K,V). □ 

We proceed to con struct a complete set of implementers with the help of ^!q(V). In view of the remark 
above Lemma ^2, we have to look for partial isometries in tt p , (gy(C(IC, T)))' which contain i&n i f?o(V) 
in their initial spaces. Since JC is infinite dimensional, we have fll2fl Tr Pl (gy(C(K,,r)))' = ip(keiV*)" with 

1>(k) :=7r ft (B(fc))*(-l). 



Lemma 4.4 Let k G kerV*. Then ip(k) is a partial isometry with ran^oC^O C (ker-0(fc)) _L if and only 
if a) or b) below holds. 

a) \\k\\ = v/2, \(k,Tk) \ = 2. In this case, tp(k) is unitary. 

b) \\k\\ =1, fee ran (Pi -A(V) 12 *). In this case, F a (K\) = (ker ^(fe^ffiran^fe). 

Proof. Let fe G /C. ip(k)*ip(k) and tp(k)il>(k)* are projections if and only if one of the following holds: 

i) fe = o, 2) ||fe|| 2 = |(fe,rfe)| = 2, 3) ||fe|| = i, (fc,rfe) = o. 

In the second case we have |(fc, rfc)| = ||fe|| • ||rfe||, hence there exists z G U(l) with Tk = zk. This implies 
B{k)*B{k) = B(Tk)B(k) = §{P(fe), P(fc)} = § (Tk, k)l = 1 and B(k)B(k)* = ||fc|| 2 l - B(k)*B(k) = 1, 
thus ^>(fe) is unitary. 

In the third case we have ip(k)*ip(k) = 1 tp(k)i/j(k)* , hence initial and final space of i^(k) are 
orthogonal to each other and sum up to T a (JCi). The requirement ran^o(^) C (ker ■ip(k)) 1 - = ker^(fe)* 
holds for k € kerV* if and only if ip(k)*^ (V)Q Pl = 0. This follows from ip(k)* G tt Pi (gy (C(/C, T)))' 
and the fact that vectors of the form * {V)n Pl (A)Q Pl = ir Pl (gy(A))^ (V)S} Pl , A G C(K,T), are dense 
in ran*o(F). By {ip(k)* , Ay r } = 0, we further have (cf. the proof of Lemma O) ||'0(fe)*\E'o(y)^Pi | = 



\\ip(k)*V(V)Q, Pl \\. By Lemma |4.1| and (|52|), 

^(fe)*^(V)n ft = -(a(Pife) + a(Pirfe)*)#(F)n Pl = -a((Pi - A(F) 12 )rfe)*#(F)fJ Pl 

which vanishes if and only if k G ker(Pi — A(V)^)T — ran (Pi — A(V) 12 *) (cf. ( |59| ) below). But for such k, 
(k,Tk) = automatically holds (see Section 4.3), so we conclude that partial isometries ip(k) of type 3) 
with k G ker V* and ran , fo(V r ) C (ker-0(fc)) J - are completely characterized by condition b). □ 

For our purposes, the partial isometries described in part b) of the lemma are the important ones. Let 
{fei, . . . , k m } be an orthonormal basis for ker V* H ran (Pi - A(V) ia *). For /3 = (/3 1; . . . , fr) G I m (cf. (1 
and (0)), set 

*p{V) :=V/j*o(V). 1 j 

Since the (^* ) )j=i,...,m fulfill the CAR 

{^■,Vz} = {^>;} = 0, {^,Vr} = ^l, (55) 
the ipp are partial isometries in ■k Pi (qv(C(K,T)))' with ran^o(V^) C (ker^)- 1 . 
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Theorem 4.5 kerT^* n ran (Pi — A(V) 12 *) has dimension m = ifndl^*, and the dy — 2 m isometries 
(^>p(V))p,=i m implement gy in np 1 in the sense of Definition 3.1. 

Proof. As a consequence of (|55| ) and ip*^o(V) = ^o(V)*ipj — 0, the first equation in ( |ff| ) holds: 

* (V)*%(V) = *o(V)>X ' ' ' ' • • 1>yMV) = 5^1 (56) 

for (3 — (Pi, . . . , (3 r ), 7 = (71, . . . , 7 S ) € 7 m . Clearly, the ^(V) have the intertwining property ( |l4| ) 

^(VJtt^ (A) = 7r Pl (^(yl))*^), A e C(/C, r) (57) 
since € 7Tp x (gy(C(/C, T)))'. We postpone the proofs of the completeness relation 

J2 ^p(V)*p(Vy = 1 (58) 

/3G/ m 



and of m = I ind y* to Section <L3. Since ( |57| ) and ( |58| ) imply (|l2|), the theorem will then be proven. □ 

By ( |55| ) and by ip*^o(V) — 0, j = 1, ...,m, the -0j may be regarded as creation operators relative to 
the vacuum ^^iV). The Hilbert space spanned by the if?p(V) is therefore canonically isomorphic to the 
antisymmetric Fock space over ker V* D ran (Pi — A(V) 12 *)- 

4.3 Decomposition of Bogoliubov Operators and Proof of Completeness 

Let us first remark that m := dim(kcrV^* n ran (Pi — A(V) 12 *)) = ^indV* implies completeness ( p8|) 
in the case of finite index since the representation np 1 o gy splits into dy irreducibles by Theorem [3.7| 
and since the ranges of the isometries typ(V) are mutually orthogonal, irreducible subspaces for ttp 1 oq v . 
However, we shall give a different proof of completeness which also works in the case of infinite index. 
The goal is a (to a certain extent canonical) product decomposition V = UW where U S 1p (tC, T) is 
unitary and W £ 2£ d v " (IC, V) induces a pure and gauge invariant state ujp^gw- U and W will be chosen 
such that A(U) 12 = A(V) 12 and A(W) 12 — 0, and (|5q ) will follow from completeness of implementers for 
Qw which in turn is a consequence of Lemma 3.2. 
We start with the proof of m = h ind V* . 



is a 



Lemma 4.6 Let T be an antisymmetric Hilbert-Schmidt operator from K.\ to IC 2 . Then ( T ^) 
bijection on IC, and IC = ran (Pi + T)©ran (P2 + T). If we set 

P := (P 1 +T)(P 1 +T*T)- 1 (P 1 +T*), 
U T := (Pi +T)(Pi + T*T)- 1 ' 2 + (P 2 + T)(P 2 +TT*)- 1/2 , 

then P is a basis projection with ranP = ran (Pi + T) and P 2 P € 3 2 (/C), and Up G 1% (/C, T) is unitary 
with U^PUp = Pi . 

Proof. Let k € ker(l + T + T). Then P x k = -TP 2 k and P 2 k = -TP x k, hence (Pi + T*T)Pik = 
by antisymmetry (|32]). But Pi + T*T is a bijection on /Ci, so fc = and 1 + T + T is injective. Since 
1 + T + T is Fredholm with vanishing index by compactness of T, it is also surjective. 

Let fj e JCj, j = 1,2. Then ((Pi + T)f x ,(P 2 + T)f 2 ) = (h,Tf 2 ) + (T/i,/ 2 ) = by antisymmetry 
which proves IC = ran (Pi + T)©ran(P 2 + T). ft is not hard to see that P is the projection onto 
ran (Pi + T) and therefore a basis projection. The unitary Up results from polar decomposition of 
1 + T + T = Up\l + T + T\ (by the way, Up coincides with Araki's canonical choice of a Bogoliubov 
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operator that transforms P into Pi g||). P 2 P = T{P 1 +T*T)- 1 (P 1 +T*) and (U T hi = T(P 1 + T*T)- 1 / 2 
are Hilbert-Schmidt since T is, and PU T = (Pi + T)(Pi + T*T) _1 / 2 = U T P\- □ 



Application of Lemma 4.6 to T — A(V) 12 = — ^(^)i2 yields the basis projection Py with ranPy 
ran(J\-A(V) 12 *). 

Lemma 4.7 Py commutes with VV*. As a consequence, ker V* — Py(ker V**)©Py(ker V*) and m 
dimPy(kerV*) = ±indV*. 



Proof. [Pv, VV*} = is equivalent to [P v , VV*} = or to VV* (ran (P 2 + A(V) 12 )J C ker(Pi - A(V) 12 ) 
since 

ranp7 = ran (P 2 + A(V) 12 ) =kerP y = kcr(Pi - A(F) 12 ). (59) 

By definition, A(V) 12 fulfills A(V) 12 V22 — ^PranV^' an d A(V) 12 V2iPk e r Vn = 0- Antisymmetry of 
A(V) 12 implies Vn*A(V") 12 = — P ran Vu'Vsi* and Pk er v 22 ^i 2 *A(V) 12 = 0. Using these relations, we get 

(Pi - A(V) 12 )VV*(P 2 + A{V) l2 ) = V u V 2 i* + V 12 V 2 2* + {VnVu* + V 12 V 1 2*)A{V) 12 - A(V) 12 ■ 

■ {V21V21* + V22V11*) - A(V) 12 (K 22 Vi 2 * + V 2 iVii*)A(y) 12 
= Via V21* + Vx2V22* - VnV 2 i* + Vi 2 Vi 2 *A(V) 12 - A(V) 12 V 2 iV2i* 

- F12V22* - Vl 2 P ra „V 22 *Vl 2 *A(V) 12 + A(V) 12 V2lPr a n Vll *V21* 

= ^i 2 iW 22 ^i2*A(V) 12 - A(y) 12 y 2 iP kerVli y 2 i* 
= 0. 

□ 

Next we present a distinguished choice of W for the product decomposition V = UW. Namely, let Wu 
be the partial isometry with ker = ker appearing in the polar decomposition of V11: 

Vxi = Wn\Vu\ (60) 

(the idea of using polar decomposition of VI 1 stems from p3|)- Set 

Wn—VnlUvn, (61) 

then W21 is a partial isometry with initial space ker Vn and final space V 2 i(ker Vn) C ker V 22 * (cf. (|24|)), 
and set W12 := W21, W22 '■= Wu. 

Lemma 4.8 W defined above has the following properties: 

a) W € l Pl {K,T), kerW* = (kerVii* Vi 2 (ker V 22 ))©(ker V 22 * V 2 i(ker Vn)) and indW = ind V; 

b) Sw '■= W* P\W is the projection onto (ker Vn)" 1 "© ker V 22 , and u>s w is pure and gauge invariant; 

c) A(W) 12 = 0. 

Proof, a) W is clearly a Bogoliubov operator with kerW* = (kerVii* © Vi 2 (ker V 22 ))©(ker V 22 * © 
V2i(kerVn)). Therefore mdW* = dimkerW* = 2fndVn* = indV* (cf. ©), and W £ I Pl (IC,T) 
since W\2 has finite rank. 

b) By a straigh tfor ward computation, Sw is the projection onto (ker Vn)" 1 "© ker V 22 . wj lf = ojp^gw 
is pure by Lemma 3J3 a) and gauge invariant by [Pi , Sw] = (cf . Section ||) . 

c) A(W) 12 = follows from Wu' 1 = W n * and W 12 W 22 * = WuW 2 i* = G. □ 

It remains to specify the factor U in V = UW. U has necessarily the form U = VW* + u where 
u = u is a partial isometry with initial space ker W* — Pi (ker TV*)©P 2 (ker W*) and final space ker V* = 
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Py (ker V*)@Py (ker V*). We may choose u such that uP\ = Pyu (for example, suitable uP\ is obtained 
by polar decomposition of Ry below). Then P2PV S ?2(/C) implies that 1*21 = P 2 Pyu and C/21 = 
V21W11* + M21 are Hilbert-Schmidt. We need the following lemma to exhibit further properties of U. 
Remember that Qw = 1 — WW* denotes the projection onto kerVF*. 

Lemma 4.9 Ry := (P l - A(V) 12 *)(Pi + V n V 21 * A{V) l2 )P 1 Q w maps P x (kerW*) bijectively onto 
Py (ker V*). 



Proof. By Lemma [L7|, P y (kerF*) = kcr(P 2 + A(V) 12 *) n kerF*. Hence fc G Py(kerV"*) if and only if 
P 2 k = -A{V) 12 *P x k, V"n*Pifc + V21* P 2 k = and V 22 * P 2 k + V u * Pxk = 0. Thus P 2 k is determined by 
Pifc, and Pifc has to satisfy 



Pifc G ker 



(Vn*- V 2 i*A(y) 12 *)nker(F 12 *-y 2 2*A(^) 12 *). 



A(F) 12 ^ 22 - ^ 12 P ran y 22 . implies ker(W - V 22 *A(V) 12 *) = ran(V 12 - V l2 P I&n y 22 *) x = (K 12 (ker V^. 
Since 

/Ci = Pi(kerW*)eranF 11 ©F 12 (kerF 22 ) (62) 



(cf. Lemma [4.8P , we may write P\k = f + g, f G Pi(ker W*), g G ranVn. We then have V 2 \*A(V), 2 g = 
V 2 i*A(V)-Jyi 1 V 11 - 1 g = -V 2X *TA{V\^ 2 YV XX - X g = -V 2 i m V 21 P„ a v 11 <>V u - 1 g = {V xx * - Vn'^g by 
@ and ©• Hence the condition Pjfc G ker(F u *-F 2 i*A(F) 12 *) is equivalent to Vu" 1 . g = V 21 *A{V) 12 *f 
or to g = VnV 2 i*A(V) 12 * f (since PkerVh V 2 i*A(V) 12 * = 0). As a result, fc € Py(kerF*) if and only if 
there exists / G Pi(kerW/*) such that P x k = (Pr + V u V2i*A(V) 12 *)/ and P 2 fc = -A(F) 12 *P 1 fc ) i.e. 
k = Ryf. Hence ranPy = Py(kevV*). 

To show that Ry is one-to-one, assume that / G Pi (ker W*) and Ryf = 0. Then = PiQwRv f = f 
since P x QwRv — PiQw ■ n 



Proposition 4.10 Let V G Ip 1 QC, T), and let W G Xp 1 QC, T) be defined by and §6\ ) (with properties 



listed in Lemma gjj. Then there exists U G J P± (/C, T) with J7(Pi(ker W*)) = Py(ker 7*) and V = UW . 



Such U fulfills kerUu = {0} and A(U) 12 = A(V) 12 
Proof. It remains to prove the last two statements. We have U xx = Py 12 (kor v 22 ) + l^ii* I + u n by definition 



of W, and ranitn = ranPiPyu = ranPiPy C Pi(ker W*)®ranVii by uP\ = Pyu and by Lemma 4.9 
This implies kexU xx C Pi (ker W*)©ranVii (cf. @). Let / G Pi (ker W*), g G ranVn, and assume 
= Un(f +g) = u xx f + \V xx *\g. By Lemma [D|, there exists /' G Pi (ker W* ) with uP x f = Ryf. Then 
= PiQ W Un(f + g) = PxQ w R v f = f , hence f = = g. This proves ker[/ u = {0}. 

Let / G Pi (k er IV*). Since t here exi sts /' G P x (kerW*) with uP x f = Ryf, we see that 
U2if = P 2 Py/' = h{V) 13 I\Rvf = A(V) 12 u xl f by definition of Ry. Hence A{V) 12 U 22 = (Vf^" 1 - 
l/i 1 - 1 *l/ 21 *P kcr y 22 0(Py 2l( kcr^ 11 ) + \V 22 *\) + A(V) 12M22 = V 12 V 22 - 1 \ V 22 * \ + u 12 = U 12 by @ and 



|V 22 *| = V 22 W 22 * . But this means A(U) 12 = A(V") 12 (cf. the remark below Lemma |4.2|). □ 



The following result has already been obtained, in the case of finite index, in Lemma 3.4 (Sy — Sy> is 
automatically Hilbert-Schmidt for V, V G X Pl QC, T)). 

Corollary 4.11 The Tp (K,T)-orbits in Xp 1 (/C,r) with respect to left multiplication are precisely the 
setslp™(]C,T), meNU{oc}. 



Proof. Let V, V G 2|»™(/C, T) be given, with decompositions V = UW, V = U'W' as in Proposition |4.10|. 



Since Pi leaves kevW'* and kerVF* invariant, we may choose a partial isometry u" with initial space 
ker W'* and final space ker W* such that u" = u" and [Pi , u"] = 0. Then U" := WW'* + u" G I° Pl (K, T) 
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fulfills U"W = W. This implies (UU"U'*)V = V, so I Pi (/C, F) acts transitively on 2p™(/C, T). □ 

End of Proo f of Theorem ^5. Let V = UW as in Proposition 4. 1 0| . We first apply the construction 
from Section L2 to W and compute the values of implementers ^fp(W) on SI p . . S ince ker Wn = ker Vn 
and W 12 |kerV 22 = Vi2|kcry 22 , we may choose A W r_ = Ay, r , r = 1, ...,Ly (cf. jip)). Then * (W / )rip 1 = 
Ay,i • ■ • Ay ^^fipj by A(IV~) 12 = (cf. (f46|)). According to Section |4.2j , we have to choose an 
orthonormal basis {/i,...,/ m } for ker VF*nran(F 1 -A(W / ) 12 *) = Pi(ker W*), m = iindVK* = iindV*, 
to obtain further implementers for g w . Since U (Pi (ker W*)) = Py(kerV*) = ker V*nran (Pi— A(V) 12 *), 



we may choose the U such that U fj 
have by definition ( |54| ) 



J 



1. 



For a multi-index p = {fi\, . . . , (3 r ) S J m , we 



^(W)n Pl = (-l) i -^(/ /3l ) • • • if(fp r )Av,i ■ ■ ■ A v , Lv !li 



Let A := a w {e Lv )*---a w {e x y e 7r Pl (gw(C(/C, F))) (cf. (g 
"".Pi (?w(C(/C, T)))' and neglecting signs, we get A^p(W)Slp 1 



Remembering ip(fj) = a(fj)*^>(—l 
±a(fp 1 )*---a(f 0r )*n Pl 



±(/>p V where 



£ is the cyclic vector defined in (|l7|). Since ujp 1 og w is pure, TW is an irreducible subspace for 



KPi°QW- But by ( |56| ) and (57), ran ^p(W) is also irreducible for np 1 og w . Since both spaces contain 
they must coincide. By Lemma |3~2], 0^ ran ^p(W) = T a (K,i), i. e. (|58| ) holds for W. 

Now let ^q(U) be the unitary implementer for ajj given by (ff6[) . Since gv = auQw> the isometries 
(^ (U) 1 i'f3(W))/3 ( zi m implement gv in irp 1 . We are going to show that actually 



V {U)*f,(W) = *f){V) 



(63) 



holds under the above assumptions. Since each implementer is completely determined by its value on Qp 1 
(this follows from @), it suffices to prove © on Q Pl . Note that [$o(U), *(-!)] = since ker U n = {0}. 
Hence # (tfM/i) = ip(kj)^ (U) by JJ/j = fc,-, and [^>o(U), A v>r ] = by [*o(^), M e r)] = 0. Moreover, 
A(C7) 12 = A(V) 12 implies 

(see (p9|)), and we obtain 



^ a {u)^ (w)n Pl = {-i) Lv 4,(k f)l )- ■■4,(k Pr )A v ,i ■ ■ ■ A v , Lv ^{v)n Pl = y {v)n Pl . 



(64) 



□ 



5 Structure of the Semigroup of Imp lenient able Endomor- 
phisms 

Let Pi be a basis projection of (/C,F) and Pi := Pi- It is easily seen that Tp x (K,,T) is a topological 
semigroup relative to the metric (cf. jl5|) 

s Pl (v,V) ^\\v-v'\\ + \\v 12 ~vi 2 \\ 2 . 

The present section is devoted to the study of the connected components of Ip^lC^T) = [J m Ip™(]C,r). 
It is inspired by the work of Carey, Hurst and O'Brien p3| . 

Araki |1| has shown that the group 2 Pi (IC,T) C Xp^/CjT) consists of two connected components 

Ip^Tf. Namely, 

X(U) := (-l^imkcrt/n 
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defines a continuous character \ on Ip^jT), and x\j° (jcr)* = -^l- However, we shall see that 

Xp m (/C,r) is connected if m 7^ and that \ '■ V (_i) dlmker Vii remains neither multiplicative nor 
continuous when extended to the whole semigroup Ip 1 (/C, Y). 

We need a preparatory result. Let TL be an infinite dimensional complex Hilbert space. We prove 
that the subsets of 23 (7i), consisting of isometries with fixed index, are connected. 

Lemma 5.1 The sets T n {TL) := {V G 25(7i) | V*V = 1, ind V* = n} are arcwise connected in the norm 
topology. 

Proof. Let V, V G X"(7i). Since dimkerV* = dimkerV'*, there exists a unitary operator U on H 
with V = UV (choose a partial isometry u with initial space kerV* and final space kerV* and set 
U := V'V* + u). Since the unitary group IA{TL) is arcwise connected, there exists a continuous curve 
U(t) in U(H) with U(0) = 1 and U(l) = U. Then U'(t) := U(t)V is a continuous curve in T n (H) with 
£7'(0) = V and [/'(l) = V. □ 

Let us return to Ip 1 (K.,T). In the following, the shorthand V ~ V' stands for the existence of a 
continuous curve in Tp 1 (/C, T) which connects V to V'. Note that "~" is an equivalence relation and that 
V ~ V implies VV" ~ VV" and V'V - V" V for V, V, V" G X Pl {JC, T). 

Theorem 5.2 27ie connected components of Tp 1 (fC,T) are precisely the sets Tp (K^Y^f* 1 and 
2p™(/C,L), 1 < m < 00. 



Proof. Let V G Zp m (/C,r), and let V = UW be a decomposition as in Proposition |4.10| . Then U G 

l Pi (fC,T) + since kerJ7 u = {0}. This implies U ~ 1 by Araki's result, hence V = LW - IV. 

Since Vn and Vn* both have infinite rank and since dimkerVn = dim(Vi2(ker V22)) (cf. (|23), (|24|)), 
there exists an isometry IVn on /Ci with ind IVn* — dim(ker Vn* G Vi2(ker V22)) = m (cf. (|25D) and 

IVi(ran V11*) = ranVn, Wn(kerVn) = Vi2(kerV22). 

Let W := Wu + TW n T G lp™{JC,T) be the associated Bogoliubov operator with IVIV* = WW*. 
Inserting the definitions, we find that 

U := W*W GX Pi (/C,r) 

is a unitary Bogoliubov operator with WU — W and kerUn — ker Vn, hence x(U) = x(V). 

Now let V' G 2j>" l (/C,P) be another Bogoliubov operator with corresponding operators W',W' G 
l p ™{tC, P), U' G l° Pl (/C, P). By Lemma (5T] IV ~ IV' since both are diagonal. Assume that X (V) = x(V). 
Then U ~ f/' by Araki's result, and we conclude 

V ~ IV = IVJ7 - IVJ7' - IV' E/' = IV - V. 

Therefore either of the two subsets Zp™(/C,L) := {V G Tp™(K.,T) | x(V) = ±1} is arcwise connected. 

Below, we give an example of a continuous curve in Z|, m (/C, T) which connects Xp | ™(/C, P) + to If>™(/C, T) . 
Hence lp" l {IC,T) itself is connected. Of course, V ~ V' cannot hold if indV 7^ ind V'. □ 

Example. Let V(<p) be the Bogoliubov operator introduced in the example in Section |3.2| (with P = Pi). 
Then V((p) G T Pl [JC, L) since V(</?)i2*V((/?)i2 = {Sv( v ))22 = (1 — ^ v )Eo has finite rank, and ^3 1— > V(y>) is 
a continuous curve in 2" Pi (/C,P). We have ker V(i^)ii = ker(5y( ¥ ,))n = kei(X lp Eo + J2 n >i E n ), hence 



x{V{<p)) 



I, <p$ (4Z + 3)tt/4 
-1, 9?e (4Z + 3)tt/4. 
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Let V S Tp m - 2 (X, T) with [Pi, V] = 0. Then x(VV(p)) = x(V(<p)) since Vu is isometric, so ip h-> VT^(^) 



'Pi 

is a continuous curve in 2p™(/C, T) which connects Xp™(/C, T) to Ip^QC, T) . This completes the proof 



of Theorem 5.2 



y(</?) may also serve to illustrate that \ is not multiplicative on Ip 1 (/C, T). Define a Bogoliubov oper- 
ator U := 2^f+{f+ + /f, . > - 7r^f+(Jo ft, ■ ) + ^Uifo + A + , ■ > - ^fiiti ~fx,-) + 
^ n>2 (E n + S n ). Then U G I Pl (/C, T), and a calculation shows that Uu — ^(E + E±) + J2 n >2 an d 

UV{^) = F(f ). This entails 

i = x(w(f))^(%(nf))=-i 

since ker C/n = ker V(5-)n = {0}, but ker V(^f-)n = C/o- Wc finally note that the eigenvalues ±(1 — X v ) 
of Pi — Sytip) = (1 — ^ifi)(Eo — Eq) have multiplicity one if =/= 1, in contrast to the unitary case where 
the multiplicities of eigenvalues in (0,1) are always even |l5| ]. 
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